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DESIGNING COMMUNICATION NETWORKS VIA
HILBERT MODULAR FORMS
RON LIVNE´
Abstract. Ramanujan graphs, introduced by Lubotzky, Phillips
and Sarnak, allow the design of efficient communication networks.
In joint work with B. Jordan we gave a higher-dimensional gener-
alization. Here we explain how one could use this generalization to
construct efficient communication networks which allow for a num-
ber of verification protocols and for the distribution of information
along several channels. The efficiency of our network hinges on
the Ramanujan-Petersson conjecture for certain Hilbert modular
forms. We obtain this conjecture in sufficient generality to ap-
ply to some particularly appealing constructions, which were not
accessible before.
The concept of a Ramanujan graph was introduced and studied
by Lubotzky, Phillips and Sarnak (LPS) in [16]. These are r-regular
graphs for which the nontrivial eigenvalues λ 6= ±k of the adjacency
matrix satisfy the bounds |λ| ≤ 2√r − 1. In many aspects these bounds
are optimal and natural. For example, the adjacency matrix is the com-
binatorial analog of the Laplace operator, and the bounds parallel the
(conjectured) Selberg bounds for the Laplacian on Riemann surfaces.
The main result of LPS was an explicit construction of p + 1-regular
such graphs, p ≡ 1 mod 4 a prime, through the arithmetic of quater-
nion algebras over the rational numbers. From the point of view of
Communication Network Theory, the arithmetic examples are partic-
ularly interesting: all Ramanujan graphs are super-expanders; but in
addition the examples have many other useful properties, for example
very good expansion constants and large girth. Thus they can be used
to design efficient communication networks.
The Ramanujan property for the LPS examples hinges on the truth of
the Ramanujan-Petersson conjecture for an appropriate space of modu-
lar forms of weight 2 over Q. Let f be a weight 2 holomorphic cuspidal
Hecke eigenform on a congruence subgroup. The conjecture is that
for any prime p not dividing the level the Hecke eigenvalue ap satis-
fies |ap| ≤ 2√p. Eichler and Shimura reduced the conjecture to Weil’s
Key words and phrases. Ramanujan Local systems, cubical complexes, quater-
nion algebras, spectrum of the Laplacian.
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results on the absolute value of Frobenius eigenvalues for curves over
a finite fields. They achieved this for a fixed form and all but a fi-
nite, unspecified set of primes p. The proof requires a deep study of
the reduction modulo p of modular curves and Hecke correspondences.
Igusa subsequently showed that the method applied for all primes not
dividing the level of the form (see [4] for a more modern exposition
and a generalization to forms over Q of any weight). Igusa’s part is
essential for the applications to communication networks because there
one first chooses the prime p and only then an increasing sequence of
levels prime to it. This gives an infinite family of Ramanujan graphs
of fixed regularity p+ 1.
In a joint work with B. Jordan ([13]) we gave a higher dimensional
generalization of this theory to (r1, . . . , rg)-regular cubical complexes.
These are cell complexes locally isomorphic to a product of ri-regular
trees. Here there are partial Laplacians, one for each tree factor. The
parallel bounds for their eigenvalues define the notion of being Ra-
manujan. We then constructed infinite towers of explicit arithmetic
examples whenever each ri is of the form qi + 1 for a prime power qi.
We used quaternion algebras over totally real fields and hence our gen-
eralization required the Ramanujan-Petersson conjecture for Hilbert
modular forms of multi-weight (2, . . . , 2). In place of the work of Eich-
ler, Shimura and Igusa we invoked analogous results of Carayol ([3])
on the reduction modulo p of Shimura curves over totally real number
fields, which as before allow to use Weil’s results.
Carayol’s method imposes on the form a technical assumption which
forced us to exclude certain natural and particularly appealing exam-
ples. Building on ideas of Langlands, Brylinski and Labesse ([2]) ob-
tained results which are free from such assumptions, by reducing the
conjecture to Deligne’s bounds for Frobenius eigenvalues on the inter-
section homology of Hilbert-Blumenthal varieties. However in their
proof they used in an essential way the Satake-Baily-Borel compactifi-
cation which was available only over Q. This forced them to exclude for
any fixed form an unspecified finite set of primes, which makes their
results inapplicable to us as was explained above. One of our aims
here is to point out that a modification of these arguments proves the
following
Theorem 0.1. Let F be a totally real field of degree d over Q. Let
f be a holomorphic Hilbert cuspidal Hecke eigenform over F of multi-
weight (k1, . . . , kd), where the ki’s are integers ≥ 2 and all of the same
parity. Let v be a prime of F of degree dv = [Fv : Qp] whose residual
characteristic p is prime to the discriminant DiscF of F and to the level
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N = N(f) of f . Let λv(f) denote the eigenvalue of the Hecke operator
Tv belonging to f . Then the Ramanujan-Petersson conjecture holds for
f and v, namely we have |λv(f)| ≤ 2p(k−1)dv/2, where k = maxi ki.
For the theorem to be meaningful we must specify the normalizations
made in defining Tv and λv. However Hilbert modular forms are best
approached through representation theory, and we have in fact opted
to define Tv and λv only representation-theoretically. This spares us
the tedious task of making “classical” definitions and then comparing
them to the representation-theoretic ones. The version of the theorem
we will actually prove is therefore Theorem 2.4 below.
Here is an outline of the article. In Section 1 we discuss the signifi-
cance of the higher dimensional theory of [13] to communication net-
works, especially in the two-dimensional case. In Section 2 we prove the
above theorem. This enables us to handle in Section 3 a particularly
pretty example which was left unsettled in [13]. The result is a mixture
of graph theory, automorphic forms, algebraic geometry, and the arith-
metic of quaternions over number fields. In our attempt to make this
work accessible to a mixed audience and yet not too lengthy we have
undoubtedly failed to give the right level of detail to any particular
reader. We can only ask for indulgence in this matter.
The debt this work owes to my long term collaboration with B. Jor-
dan, in particular to [13], should be evident. I started thinking about
this problem at the instigation of P. Sarnak. Different approaches to
the problem were subsequently suggested by D. Blasius and C.-L. Chai
(independently). P. Deligne suggested to use compactly supported co-
homology. Conversations with them and with J. Bernstein, G. Faltings,
G. Harder, and N. Katz were encouraging and helpful. It is a pleasure
to thank them all.
1. Cubical complexes and communication networks
A basic problem in communication networks is to design explicit
super-expanders. For a given, arbitrarily large set of nodes one wants
to connect each node to a fixed number r of “neighbor” nodes, so that
information can spread fast over the resulting network N . A commonly
used quantitative measure of efficiency is the expansion constant — the
largest real constant c > 0 so that each subset A of the nodes of N
having |A| ≤ |N |/2 nodes has at least c|A| (new) neighbors. One
seeks sequences of networks Nk where |Nk| → ∞ with k, while c is
independent of k and is as large as possible. Even though one can
define the meaning of a random network on n vertices and prove that
random networks are good expanders, it is quite hard to get explicit
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examples. The problem whether a random network is Ramanujan is
open, although it is known to be “almost Ramanujan” as r →∞. More
precisely, λ ≤ 2√r − 1 + log(r− 1) +Const with probability → 1 with
N (see [8]).
In this work we shall explain how to design any number g ≥ 1 of
efficient communication networks on the same arbitrarily large set Nk
of nodes. Thinking of the connections of each network as having a dif-
ferent color, each node will have a fixed number ri of color i neighbors.
Each color will be a Ramanujan network, and hence a super-expander.
But in addition, any set of h edges of different colors starting at the
same vertex can be completed to an h-cube. For example, given a red
edge er and a blue edge eb emanating from the same vertex, there will
be a unique pair of red and blue edges e′r, e
′
b completing them to a
square. In other words, the origins o(.) and ends t(.) of the edges will
satisfy o(e′b) = t(er), o(e
′
r) = (eb), and t(e
′
b) = t(e
′
r). We say that the
network satisfy the cube property (or the square property for 2 col-
ors). Like the LPS examples, the ones we give have good expansion
properties and large girth.
In practical applications the cube property permits a variety of po-
tential applications
1. To send information along (say) the red network, and verify, using
a hash function, a compatibility condition via the blue channel.
2. To send divide the information to g parts and send each part
individually. One could arrange so that only the combination of
the various elements would lead to a meaningful whole.
It seems a difficult problem to construct by random methods sys-
tems of (k1, . . . , kg)-regular networks satisfying the cube condition or
to parametrize the space of such systems. The key point is to real-
ize that the cube condition makes natural the introduction of higher
dimensional cubical complexes into the situation. Let ri ≥ 3 be a se-
quence of length g of integers, let Tri be a regular tree of regularity ri,
and set T =
∏
iTri . Then an (r1, . . . , rg)-regular cubical complex in
the sense of [13] is a complex X in which each connected component
is isomorphic to a quotient Γ\T for a discrete, torsion free subgroup
of
∏
iAutTri. For simplicity we also require the parity condition: the
ith component of any element of Γ moves each vertex of Tri to an even
distance. The 1-skeleton of XI is a collection of g graphs, or commu-
nication networks, on the same set of vertices. The parity assumption
makes these graphs bipartite. The vertices have a “multiparity”, an
element of { 0, 1 }g; the ith graph is ri-regular, and its 2g−1 connected
components consist of the vertices in which all parities except for the
COMMUNICATION NETWORKS AND HILBERT MODULAR FORMS 5
ith have been fixed. Its edges come from the ith tree factor of T. Most
importantly, the g graphs satisfy the cube property.
Theorem 3.1 of loc.cit. provides us with the following general class
of arithmetic examples:
Theorem 1.1. Let B be a totally definite quaternion algebra over a
totally real field F , and let S = { v1, . . . , vg } be a nonempty set of g
distinct finite primes of of F so that B is split at each vi. Let qi be the
cardinality of the residue field of Fvi and set ri = qi + 1. let Γ be an
S- arithmetic torsion-free congruence subgroup of the algebraic group
over Q of the norm 1 elements in B. Then Γ acts on T =
∏
iTri and
the resulting quotient Γ\T is an irreducible (r1, . . . , rg)-regular complex
with parities. Moreover if an appropriate space of Hilbert cusp forms (of
weight (2, . . . , 2)) satisfies the Ramanujan-Petersson conjecture, then
Γ\T is Ramanujan.
The assumptions on B mean that B⊗Fv is isomorphic to the Hamil-
ton quaternion algebra H for any infinite prime v of F , and that B⊗Fvi
is isomorphic to GL(2, Fvi). Let O be the order of elements of F in-
tegral away from v1, . . . , vg and let M be a maximal O-order of B.
Then Γ is taken to be a sufficiently small congruence subgroup of the
group of norm 1 elements of M.
The description of our complexes as quotients of infinite complexes
by infinite groups can be replaced by a finite description, which is more
elementary and very convenient for explicit calculation. This finite
description takes a particularly simple shape if certain assumptions are
made (see [13] for the details): let us assume there is an ideal N0 6= 0
of OF , prime to the vj ’s (we allow N0 = OF ), such that the following
holds:
Conditions 1.2. 1. Every ideal of F has a totally positive generator
≡ 1 mod N0.
2. The class number of B is 1.
3. The unitsM× of a maximal orderM of B map onto (M/N0M)×,
with the kernel being contained in the center O×F of M×.
Fix a totally positive generator πj which is ≡ 1 mod N0 for each
prime ideal vj . We then have the following:
Proposition 1.3. 1. For each 1 ≤ j ≤ g there are exactly rj (prin-
cipal) ideals Pj,i, 1 ≤ i ≤ rj of M with norm vj. We can moreover
choose generators ̟j,i ≡ 1 mod N0M for Pj,i whose norm is πj.
2. For every permutation σ of { 1, . . . , g } and any sequence of indices
i1, . . . , ig, with 1 ≤ ij ≤ rj, there is a (unique) sequence i′1, . . . , i′g, with
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1 ≤ i′j ≤ rj, and a (unique) unit u ∈ O×F , satisfying u ≡ 1 mod N0, so
that we have the following arithmetic counterpart of the cube condition:
̟σ(1),i1 · · ·̟σ(g),ig = u̟1,i′1 · · ·̟g,i′g .(1)
Let N1 be a prime ideal of OF prime to the vj ’s and to N0, and set
N = N0N1. Let A be the subgroup of (OF/N1)× generated by the
images modulo N1 of the πj ’s. Let B be the subgroup of scalars in
(M/N1M)× generated by the images modulo N1M of the πj’s and
by those units of OF which are congruent to 1 modulo N0. Set H =
{ g ∈ (M/N1M)× | Nm(g) ∈ A }/B. It is isomorphic to one of the
groups SL2(OF/N1), PSL2(OF/N1), or PGL2(OF/N1). (The examples
of Section 3 are of the PSL2 type.) We now have the following
Proposition 1.4. 1. The vertices of X(N) are the elements of H.
2. The (oriented) edges of direction j of X(N) are the pairs (v, ij),
where v ∈ H = Ver X(N) and 1 ≤ ij ≤ rj.
In other words, each of the graphs is the Cayley graph for the same
group H for a different set of generators. This description is particu-
larly convenient for explicit calculation. Let us emphasize that finite
description exists even when condition (1.2) does not hold (see [12]
for the form it takes in the prototypical one-dimensional case), but it
is messier. By [13, Theorem 3.1(4)] the resulting graphs Gri(X) are
Ramanujan provided that appropriate spaces of cusp forms satisfy the
Ramanujan-Petersson conjecture. The statement that fixing the pari-
ties gives connectedness follows from Theorem 3.1(1) there.
2. Hilbert modular forms
2.0 Hilbert-Blumenthal schemes For the generalities on Hilbert-
Blumenthal schemes which follow see [7, 20]. Let H± = P1(C)−P1(R)
be the union of the upper and the lower half complex planes. Let Σ
be the set of the d embeddings of F into a Galois closure FGal, it-
self considered as a subfield of R. Denote by G the group scheme
ResOF /ZGL2 over Z. Then G(R) is isomorphic to GL2(R)
Σ, and G(R)
acts on D = (H±)Σ componentwise through the resulting d Mo¨bius
transformations. Let U be a compact open subgroup of the finite
ade`les G(Af) = GL2(Af ⊗ F ). Then the Hilbert-Blumenthal complex
space X anU = G(Q)\(G(Af)/U × D) is nonsingular if U is sufficiently
small. It has a natural structure of a quasi-projective variety which
admits a canonical model over Q in the sense of Shimura ([5]). In
fact, if U contains the principal congruence subgroup of level N and
D = DiscF then there is a moduli-theoretic interpretation of X anU as
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a coarse moduli space, parametrizing principally polarized abelian d-
folds with an OF -action and some level N structure. This yields a
model XU over Z[1/ND] so that XU ×Q is Shimura’s canonical model.
If U is sufficiently small then XU is a fine moduli scheme, smooth and
quasi-projective over Z[1/ND]. The Hecke algebra TU of distributions
on U\G(Af)/U acts on XU × Q through correspondences. We shall
suppose that U is a product UpU
p of a part Up ⊂ G(Qpp at p and
a part Up ⊂ G(Apf) away from p. Then an element of TU coming
from Up\G(Qp)/Up (which we will call a Hecke operator at p) acts on
XU × Z[1/NDp] through its standard moduli interpretation.
Now let p be a rational prime not dividing ND. Then XU has good
reduction modulo p. In [14] Langlands computed the number of fixed
points T × Frobp on XU × Fp for any Hecke operator T away from
p, i.e. T coming from Up\G(Apf)/Up. In fact Langlands allows more
general groups than GL2 and he also allows algebraic local system on
XU . This second generalization enables one to handle cusp forms of
weight (k1, . . . , kd) rather than (2, . . . , 2). Even though the trivial local
system in the GL2 case is all that we need here, there is no advantage
in restricting to it, and it has a potential use for the Ramanujan local
systems of [13]. On the other hand we decided to restrict to the GL2
case so as to simplify our exposition by avoiding all mention of L-
packets and endoscopy. The interested reader can see ([2, 14]) that
this restriction is unnecessary. Thus let ξ be an irreducible algebraic
representation of G (all are defined over the Galois closure FGal of F ).
We will always assume that U is sufficiently small and that ξ is trivial
on the (Zariski closure) of the units Z(OF ) in the center Z of G. Then
ξ defines a local system
Vanξ = G(Q)\(G(Af)/U ×D × ξ)
on X anU . The possible ξ’s can be described explicitly: identify G×F ≃
GLd2 and let Symm
k be the representation of GL2 on the polyno-
mials of degree k ≥ 0 in two variables. Then ξ is a tensor prod-
uct ⊗di=1ξi of irreducible representations ξ of the GL2 factors, and
ξi ≃ Symmki−2⊗ detαi , with ki ≥ 2. The condition of being trivial
on the units of Z translates into ki − 2 + 2αi = C with C a constant.
The ki’s must all have the same parity as C, and αi = (C + 2− ki)/2.
Observe that the central character of ξ maps t = (t1, . . . , td) to Nm(t)
C,
where Nm(t) = t1 . . . td.
The ξ’s above have a moduli theoretic interpretation and hence ℓ-
adic analogs Vξ,λ, which are lisse sheaves of 2-dimensional F
Gal
λ vector
spaces over XU [1/ℓ]. Here λ is any prime of FGal lying above ℓ. For this
let f : A → X = XU [1/ℓ] be the universal abelian variety (which we
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may assume exists by adding auxiliary level structure). Then R1f∗Qℓ
is a lisse sheaf of F⊗Qℓ-modules of rank 2. For every σ ∈ Σ we have an
F ⊗Qℓ-action on FGalλ , and we set Vσ,λ = R1f∗Qℓ⊗F⊗Qℓ FGalλ , with the
tensor product taken relative to this action and. Then for ξ as before
we set Vξ,λ = ⊗i(Symmki Vσi,λ⊗detVσi,λ) with σi ∈ Σ the embedding
corresponding to the index 1 ≤ i ≤ d. The moduli description gives
that Vξ,λ is pure (in the sense of [6]) of weight
∑d
i=1(ki−2+2αi) = dC.
2.1 The dual group Let p be a rational prime not dividing DiscF
and fix some embedding of R into Qp. Then G(Qp) ≃
∏
v|pGv(Qp),
whereGv = resFv/Qp GL2. The set Σ is a disjoint union ⊔vΣv, where Σv
is the set of the dv = [Fv : Qp] embeddings of Fv in Qp. The connected
component LGv(Qp)
0 of the Langlands dual to Gv(Qp) is then the
quotient of GLΣv2 by the Σv-tuples (. . . , zσ, . . . )σ∈Σv of scalar matrices
whose product is the identity. Similarly LG(Qp)
0 is the quotient of
GLΣ2 by the Σ-tuples (. . . , zσ, . . . )σ∈Σ of scalar matrices whose product
is the identity. In particular, LG(Qp)
0 is a quotient of
∏
v|p
LGv(Qp)
0.
The Galois group GalQp = Gal(Qp/Qp) acts naturally on each Σv and
hence on their union Σ, and it is clear that we get an action of GalQp
on LGv(Qp) and on
LG(Qp). Then
LGv(Qp) is the semidirect product
LGv(Qp)
0 ⋊ GalQp and likewise
LG(Qp) =
LG(Qp)
0 ⋊ GalQp. It is
clear that LGv(Qp)
0 acts naturally on C2
dv
and that this extends to an
embedding rv of
LGv(Qp) into GL2dv (C). Likewise we get an injective
representation
r : LG(Qp)→ GL2d(C).
Now let πp be an irreducible admissible representation of G(Qp)
unramified at p. Then πp is a product
∏
v|p πv of unramified principal
series representations πv ≃ π(µ1,v, µ2,v) ofGv(Qp) = GL2(Fv), with µi,v
unramified characters of F×v (see [11, Ch. I.3]). We will always assume
that each π(µ1,v, µ2,v) is infinite-dimensional. Let ̟v be a uniformizer
at v and put av = µ1,v(̟v) and bv = µ2,v(̟v). Since the central
character of πv maps each t ∈ F×v to tC, it follows that |avbv| = pdvC. We
shall be interested in the size |λv| of the Hecke eigenvalue λv = av + bv
on πv. Recall that πp is tempered if and only if all the πv, v|p are. This
means that |av| = |bv| for all v|p. If this holds — which is the assertion
of the Ramanujan-Petersson conjecture if πp is a local component of a
cuspidal automorphic representation — then |λv| ≤ 2pdvC/2.
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Set 0tv =
[
av 0
0 bv
]
. Then the Satake isomorphism associates to πv
the conjugacy class of the image in LGv(Qp) of the element
t(πv) = (
0t′v,Frobp) ∈ GL2(C)dv ⋊GalQp,
where 0t′v = (
0tv, Id2×2, . . . , Id2×2). (see e.g. [21, Exp. VI.4]). It follows
that the Satake isomorphism associates to πp the element
t(πp) = (
0tp,Frobp) ∈ LG(Qp)0 ⋊GalQp,
where 0tp is the image of (. . . ,
0t′v, . . . ) in
LG(Qp)
0.
We now recall the formula for the trace of r(t(πp))
m for any integer
m ≥ 1. Put lv = gcd(dv, m), and write m = qvdv + rv with integers
qv ≥ 0 and 0 ≤ rv < dv − 1 . We then have
t′(πv)
m = ((0tqv+1v , . . . ,
0tqv+1v︸ ︷︷ ︸
rv times
, 0tqvv , . . . ,
0tqvv︸ ︷︷ ︸
dv−rv times
),Frobmp ).
A straightforward calculation ([14] or loc. cit.) then gives
Tr r(t(πp))
m =
∏
v
Tr rv(t(πv))
m =
∏
v
(am/lvv + b
m/lv)lv .(2)
2.2 The naive Lefschetz number Write U = UpUp with p
as before, so that in particular Up ⊂ G(Qp) and Up ⊂ G(Apf ). Let
m ≥ 0 be an integer and take a ∈ G(Apf ). Following [14, 2] one
defines functions fξ on G(R), φa = φUpaUp on G(A
p
f ), h
m
p on G(Qp)
and fG(m, a) = fξφ
p
ah
m
p on G(A) = G(R)G(A
p
f )G(Qp) having the
following properties:
1. Trπ∞(fξ) is the multiplicity of ξ in π∞ for each representation π∞
of G(R)
2. φa is the characteristic function of U
paUp;
3. Trπp(h
m
p ) = p
md/2 Tr r(t(πp)
m) for each infinite-dimensional un-
ramified representation πp.
Let T (a) be the Hecke operator T (a) associated to UpaUp. Then T (a)×
Frobmp acts as a correspondence on XU × Fp. If m is sufficiently large
then the set of fixed points of this correspondence is finite, and its
graph on (XU × Fp)2 is transversal to the diagonal. This enables to
define its Lefschetz number by
Lef(T (a)× Frobmp ,XU × Fp,Vξ,λ) =
∑
t
Tr(T (a)× Frobmp , (Vξ,λ)t),
the sum taken over the (finite) fixed point set of T (a) × Frobmp on
S(XU × Fp).
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Let ωξ be the central character ωξ(t1, . . . , td) = (t1 . . . td)
C of ξ, and
let Ldis2 (G(Q)(Z(Af ) ∩ U)\G(A), ωξ) be the space of functions f on
G(A) satisfying
1. f(gQzUz∞g) = ωξ(z∞)
−1f(g) for all gQ ∈ G(Q), zU ∈ Z(Af ) ∩ U ,
z∞ ∈ Z(R) and g ∈ G(A).
2. f | det |C/2 is square integrable on Z(R)(Z(Af ) ∩ U)G(Q)\G(A).
As the notation indicates, Ldis2 (G(Q)(Z(Af )∩U)\G(A), ωξ) is a dis-
crete sum of representations of G(A).
Using the moduli interpretation (see [17] and [21, Expose´ V]), the
results of Langlands (loc.cit.) together with [2, Section 3.3] give the
following key
Theorem 2.1. We have
Lef(T (a)× Frobmp ,XU × Fp,Vξ,λ) =
∑
Π
TrΠ(fG(m, a)),
where the sum is over all irreducible representations Π of G(A) which
occur in the discrete spectrum Ldis2 (G(Q)(Z(Af ) ∩ U)\G(A), ωξ).
(In this formula we are implicity using the strong multiplicity one
theorem for GL2.)
2.3 The true Lefschetz number The problem now is to identify
Langlands’s “naive” Lefschetz number as the sum of the local terms in
an actual Lefschetz trace formula. An important technical issue is the
contribution of the boundary. A conjecture of Deligne asserts it is 0
for T (a)× Frobmp , with a given a, if p is sufficiently large. In his thesis
Rapoport constructed smooth (toroidal) compactifications of XU over
Z[1/ND] in which the complement of XU is a relative normal crossing
divisor [20, Corollaire 5.3]. For all but finitely many primes p there
also exists the Baily-Borel compactification, whose boundary is the fi-
nite set of cusps, and the toroidal compactification is a blow-up of it. At
such primes p, Brylinski and Labesse could prove Deligne’s conjecture
([2, Theorem 2.3.3]). According to C.-L. Chai (private communica-
tion) this holds for all p prime to ND. Alternatively we can use the
results of [19], since Condition 7.2.1 there, which suffices for Deligne’s
conjecture, holds for these compactifications, provided we know also
that the monodromy of our sheaves around the toroidal resolutions
of the cusps are tame. This is manifest from the higher dimensional
Mumford-Raynaud-Tate parametrization near the cusps [20, The´orm`e
5.1 and 4.11]. The idea is that the ℓ-adic Tate module of a univer-
sal abelian variety in a punctured p-adic analytic neighborhood of a
cusp admits a canonical exact sequence having an e´tale quotient and
a multiplicative sub-object (which are moreover Cartier dual to one
COMMUNICATION NETWORKS AND HILBERT MODULAR FORMS 11
another). The ℓ-adic monodromy is therefore manifestly tame at p.
Finally, we could appeal to [9], where Deligne’s conjecture is proved in
general. Either way we get the following
Corollary 2.2. For every a as above there exists an integerm0(a) such
that for each integer m ≥ m0(a) we have
Lef(T (a)× Frobmp ,XU × Fp,Vξ,λ)
= Tr(T (a)× Frobmp |H∗c (XU × Fp,Vξ,λ),
where as usual Tr(·|H∗c ) means the alternating sum
∑2d
i=0(−1)iTr(·|H ic).
2.4 Cuspidality and compact support Assume that π = ⊗pπp
is an irreducible cuspidal representation of G(A). In particular each
πp (and πv) is infinite dimensional, and π⊗ | det |−C/2 is unitary. Then
π contributes to H∗(XU ,Vξ) if and only if π has a U -invariant vector
and if π∞ is isomorphic to
d∏
i=1
π(|·|(1−ki)/2, |·|(ki−1)/2 signki) ⊗ det C.
We will then say that π is of type ξ. In this case π contributes to
H i(XU ,Vξ) if and only if i = d. In fact taking the inverse limit over U
we set
Ud(πf , ξ) = HomG(Af )(πf , lim←−UH
d(XU ,Vξ)).
Then Ud(πf , ξ) is a 2
d-dimensional space, (see [2, Section 3.4], and
notice that by the strong multiplicity 1 theorem for GL2 we do not
have multiplicities in our case). The ℓ-adic analog likewise gives a 2d-
dimensional GalQ = Gal(Q/Q) representation U
d
λ(πf , ξ). We now need
the following
Proposition 2.3. If π is a cusp form as above, then Ud(πf , ξ) comes
from the compactly supported cohomology; in other words, the natural
map of forgetting supports
HomG(Af )(πf , lim←−UH
d
c (XU ,Vξ))→ Ud(πf , ξ)
is an isomorphism.
Proof: See [1, Cor. 5.5] (and also the last comment in [10]). Here
is the general idea of the proof. For any cusp c of XU let XU,c be
the boundary component corresponding to c in the Borel-Serre com-
pactification of XU . The cuspidality of π implies that the (de-Rham)
cohomology classes of the vector-valued differential forms {ω } associ-
ated to it restrict to 0 on each XU,c. This can be seen also by verifying
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that the periods
∫
β
ω of these differential forms around each (vector-
valued Borel-Moore) d-dimensional cycle β is 0. In fact, we can move
β towards the cusp; then on the one hand the period stays constant,
but on the other hand the cuspidality of π makes the ω and with it
the period decrease exponentially. This forces the period to be 0, and
we conclude that our {ω }’s are cohomologous to compactly supported
forms.
As a corollary we get that Ud(πf , ξ), which initially was derived
from Hd(XU ,Vξ), is in the image of the “forget support” map from
Hdc (XU ,Vξ). This image is the parabolic cohomology H˜d(XU ,Vξ), and
it exists in ℓ-adic cohomology. As the sheaf Vξ,λ is pure of weight dC,
a weight argument (see [6]) gives that H˜d(XU ,Vξ) is pure of weight
d(C + 1). The same is therefore true for Udλ(πf , ξ).
2.5 The Ramanujan-Petersson Conjecture We partially re-
call our previous notation. With ξ as before (in particular, of central
character ωξ = Nm
C), let π =
∏
p πp be an irreducible cuspidal repre-
sentation of G(A) of infinity type ξ, so that π∞ is the discrete series
representation corresponding to ξ as above. Let p be a rational prime
which is prime to the level of π and to DiscF . For a prime v of F above
p let dv denote the degree of Fv/Qp, and let Tv be the Hecke operator
at v, defined as the action of the double class Uv
[
̟v 0
0 1
]
Uv, with
Uv ≃ GL2(OF,v) having measure 1. Here ̟v is a uniformizer at v. The
Satake parameters of πv are given as before in terms of av and bv (up
to order). The eigenvalue of Tv on π (or on πv) is λv = av+bv. We now
obtain the following version of the Ramanujan-Petersson Conjecture:
Theorem 2.4. The representations πp and πv for v|p are tempered.
More precisely, each of av, bv is a Weil number of weight dv + C, i.e.
av and bv are algebraic numbers such that under any embedding into C
we have
|av| = |bv| = pdvC/2.
Consequently, |λv| ≤ 2pdvC/2.
Proof: Using our previous notation, there exists a finite linear com-
bination T =
∑
ciT (gi) of Hecke operators away from p which acts
as projection onto the Up invariants of the πpf -isotypical part. By the
strong multiplicity one theorem this is a projection onto the Up invari-
ants of the πf isotypical part. Let m0 be an integer such that Deligne’s
conjecture holds for T (gi) × Frobmp on XU × Fp for all i and for all
m ≥ m0. From Theorem 2.1 and Corollary 2.2 applied to T × Frobmp ,
COMMUNICATION NETWORKS AND HILBERT MODULAR FORMS 13
with T viewed as the above linear combination, and from the definition
of Udλ(πf , ξ) we get
Tr(Frobmp |Udλ(πf , ξ)) = Tr πp(hmp ).
The purity of the parabolic cohomology and the property of hmp from
Section 2.3 give the existence of 2d = dimUdλ(πf , ξ) Weil numbers {wi }i
of weight d(C + 1) so that for every large enough m we have∑
i
wmi = p
mdTr r(t(πp)
m) = pmd
∏
v|p
(am/lvv + b
m/lv
v )
lv ,
by equation (2), where as before lv = gcd(m, dv). As in [2, Theo-
rem 3.4.6] this implies that each πv is tempered, namely that |av| = |bv|
for every embedding of av, bv into C. That the weight is as it should be
then follows from our knowledge of the product |avbv|, as was explained
in Section 2.2.
Theorem 0.1 follows when one makes the necessary normalizations.
In particular one takes C = maxi ki.
3. Special cases
We now give two special cases when the conditions 1.2 are satisfied.
The first one was accessible in [13], while the second one was not.
A. Take F = Q and let B be a quaternion algebra over Q of discrimi-
nant 2 (it is unique up to an isomorphism). A model for B is given by
the usual rational quaternion algebra generated over Q by ıˆ, ˆ satisfying
ıˆ2 = ˆ2 = −1 and ıˆˆ = −ˆıˆ. It is very easy to see that Conditions 1.2
are satisfied with N0 = 2Z. Taking g = 1 prime p satisfying p ≡ 1
mod 4, one gets the Lubotzky-Phillips-Sarnak graphs [16]. These are
Cayley graphs on PSL(2,FN), for any prime N ≡ 1 mod 4 which is
different from p and a a square modulo p. The set of generators is
the reductions modulo N of the p+1 norm p integral quaternions ≡ 1
mod 2.
The case of g = 2 distinct primes p, q satisfying p ≡ q ≡ 1 mod 4
appeared in a different context in [18]. The resulting two (blue and
red) communication networks are realized as the same Cayley graphs
as before on PSL(2,FN), for any prime N ≡ 1 mod 4 which is different
from p and q and is a a square modulo both. The sets of generators
are the reductions modulo N of the p + 1 (respectively q + 1) norm p
(respectively norm q) integral quaternions ≡ 1 mod 2. They have the
square property. Thus each node has p + 1 blue neighbors and q + 1
red ones.
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B. We shall now construct a blue and a red Ramanujan communica-
tion networks having the square property over the same set of vertices
PSL(2,FN) in which each node has p+1 blue and p+1 red neighbors.
Here p is any prime ≡ 1, 9 mod 20 and N 6= p is a prime satisfying
N ≡ 1, 9 mod 20 and which is a square modulo p. There are other
conditions which N must satisfy. These cannot be stated as simply,
but we will see that they are satisfied by a set of primes N of positive
density which can be explicitly described.
Take F = Q(
√
5) ⊂ R. Let ∞1 = Id, ∞2 be the real primes of
F . The fundamental unit of F is τ = (1 +
√
5 )/2. We will need the
following lemma from Class Field Theory:
Lemma 3.1. 1. Let N be a rational prime such that
(
−1
N
)
=
(
5
N
)
= 1
(in other words N ≡ 1, 9 mod 20). It is then possible to write N =
a2 − 20b2 with a, b integers and a > 0 odd. Then τ , considered modulo
N via either choice of
√
5 mod N , is a square modulo N if and only
if a+ 2b ≡ 1 mod 4, and this holds for a set of primes N of Dirichlet
density 1/8.
2. Let p 6= N be a rational prime satisfying with
(
5
p
)
=
(
−1
p
)
= 1 and
use part 1. to write p = a2−20b2 for integers a, b. Choose a √5 modulo
N . Then the set of primes N satisfying the criterion in part 1. and for
which both a± 2b√5 are squares modulo N has Dirichlet density 1/32.
Such primes N satisfy in particular
(
p
N
)
= 1.
Proof: If 5 is a square modulo N then N splits in F , and since the class
number of F is 1 we get ±N = νν, with ν and ν conjugate integers of
F . Since −1 is the norm of τ and since τ reduces modulo 2 (which is
inert in F ) to a generator of F×4 , with F4 = OF/2OF , we can assume
that the sign is + and that ν ≡ 1 mod 2OF . Writing ν = a+ b′
√
5, we
get that a and b′ are integers with a odd and b′ = 2b even. Multiplying
by −1 we may also assume that a > 0. A choice of a square root of
5 modulo N then determines the sign of b, or equivalently the prime
ν = a + 2b
√
5 above N . We then ask when is the ideal νOF split in
L = F (
√
τ). Since N ≡ 1 mod 4, it splits in Q(√−1 ), so that ν (and
ν) split in F (
√−1 ). Therefore ν splits in F (√τ ) if and only if N is
completely split in Q(
√
5,
√−1,√τ ), which is Galois of degree 8 over
Q. By the Cˇebotarev density theorem, this happens for a set of primes
N of Dirichlet density 1/8 (namely, for half the primes ≡ 1, 9 mod 20).
It remains to determine the condition for ν to split in F (
√
τ ).
The Ide`le class group character χ of F which cuts L is of order 2 and
unramified outside 2. Since ∞1(τ) > 0 and ∞2(τ) < 0, we see that χ
is trivial on F×∞1 but not on F
×
∞2. For a prime v of F set Uv = O×F,v
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and let Uv,n be its subgroup of elements congruent to 1 modulo v
n for
any n ≥ 1. Then χ must be trivial on the product U∞ of the connected
components of F×∞i and on U =
∏
6=2 Uv. The units O×F = ±τZ surject
onto U2/U2,1 ×
∏
i π0(F∞i), and the kernel of this surjection is τ
6Z.
Since the class number of F is 1, we get that χ is determined by its
values on
C = F×\A×F/UU∞ ≃ τ 6Z\U2,1/(U2,1)2 .
First we calculate C. Through the 2-adic logarithm map, U2,1 ≃
µ(F )⊕ L, where L = 2Z2 + 4OF,2 and µ(F ) = {±1 } is the group of
the roots of unity of F . Since τ 6 = 9+4
√
5 ≡ 5 mod 8OF we get that
C ≃ µ(F )⊕ 2OF/(2Z+ 4OF ) ≃ (Z/2Z)2 ,
with generators −1 and 2τ for the respective two factors.
To determine χ we use the product formula
∏
v χv(x) = 1 for any
x ∈ F×, the product taken over all places of F . For x = −1 we get
χ(−1) = χ2(−1) = χ∞2(−1) = −1, and since τ 3 = 2 +
√
5 = 1 + 2τ ,
we also get
χ(2τ) = χ2(1 + 2τ) = χ2(τ)
3 = −1 .
In particular, for x, y ∈ Z2 we have χ2(1 + 2(x+ yτ)) = (−1)x+y. It
follows the prime νOF splits in F (
√
τ ) if and only if χν(ν) = −1. But
χν(ν) = χ2(ν)χ∞2(ν) = (−1)(a−1)/2+b · 1 = (−1)(a−1)/2+b .
As claimed. (We write χν etc. for the local component of χ at the place
defined by the prime νOF .)
2. Write p = ππ, with (say) π = a + 2
√
b. Observe that the field
F (
√
π,
√
π) is Galois over Q and contains
√
p. As an extension of F it
is ramified only over π and π: this is because (1+
√
π)/2 is an algebraic
integer, as its trace and norm to F are 1 and (1−a)/2− b√5. Hence it
is linearly disjoint from F (
√−1,√τ) over F . Applying the Cˇebotarev
density theorem to the degree 32 extension
Q(
√−1,
√
5,
√
p,
√
τ ,
√
π)
of Q gives the required density statement, concluding the proof of the
lemma.
Now set BF = B ⊗ F , with B the rational quaternions as before.
For the facts we need about BF see [22, Chapter 5]. In particular, BF
is ramified precisely at the two infinite primes of F .
The class number of BF is 1, and all maximal orders in BF are con-
jugate. To describe the sets of generators of our red and blue networks
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we need to explicitly compute in one maximal order M. We take for
M the OF -submodule of BF generated by
e1 = (1 + τ
−1 ıˆ+ τ ˆ)/2
e2 = (τ
−1 ıˆ+ ˆ+ τ kˆ)/2
e3 = (τ ıˆ + τ
−1ˆ+ kˆ)/2
e4 = (ˆı+ τ ˆ + τ
−1kˆ)/2
(3)
We have M/2M ≃ Mat2×2(F4), with F4 = OF/2OF a field with 4
elements. The reduction map induces an exact sequence
1→ (OF + 2M)× →M× → PGL(2,F4)→ 1 .
From our choice ofM it follows that OF +2M is the (OF -) sub-order
of M given by
{ a+ bˆı+ cˆ+ dkˆ | |a, b, c, d ∈ OF , b+ τc+ τ−1d ∈ 2OF } .
Since τ reduces modulo 2 to a generator (of order 3) of F×4 , we obtain
the following
Lemma 3.2. Every element in M whose norm to OF is odd, namely
not in 2OF , can be uniquely written as u(a+ bˆı+cˆ+dkˆ), with u ∈M×
and a, b, c, d ∈ OF satisfying
1. b+ τc + τ−1d ∈ 2OF ;
2. a ≡ 1 mod 2OF ;
3. 1 ≤ a < τ 3.
When u = 1 we shall say that our element is in normal form.
As a corollary we see that Conditions 1.2 hold with N0 = 2OF .
Now write 4p = a2− 20b2, with a, b integers (say, minimal positive),
necessarily of the same parity. The elements π = (a + 2b
√
5 )/2 and
π = (a− 2b√5 )/2 are the primes above p in OF . Let M0,F = OF [ˆı, ˆ]
be the order of OF -integral quaternions. We shall say that an element
x ∈ M0,F is in normal form if x ≡ 1 mod 2 and Tr x = TrBF /F x is
totally positive (namely positive for both real embeddings) and satisfies
τ−3 < Tr x ≤ τ 3. We then have the following
Lemma 3.3. 1. There are precisely p+ 1 elements in normal form γi
(respectively γi), 1 ≤ i ≤ p+1, in M0,F whose norm is π (respectively
π).
2. For any indices 1 ≤ i, j ≤ p+1 there exist unique indices 1 ≤ i′, j′ ≤
p+ 1 and a unique unit u ∈M0,F× = 〈±π3ZpZ〉 such that
γiγj = γj′γi′u .
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Proof: This is merely an explicit restatement of Proposition 1.3.
Now let N be a rational prime congruent to 1 or 9 modulo 20. Choos-
ing square roots of −1 and of 5 in the prime field FN allows us to map
M homomorphicallly onto Mat2×2(FN) by
√
5 7→
[ √
5 0
0
√
5
]
, ıˆ 7→
[ √−1 0
0 −√−1
]
, and ˆ 7→
[
0 −1
1 0
]
.
Proposition 1.4 now gives us that we have constructed two Ramanu-
jan communication networks as the two Cayley graphs on PSL(2,FN)
having the reductions modulo N of the γi’s (respectively the γj ’s) for
generators.
And this is my Appendix.
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